The probabilities of bound-free electron-positron pair creation are calculated for head-on collisions of bare uranium nuclei beyond the monopole approximation. The calculations are based on the numerical solving of the time-dependent Dirac equation in the target reference frame with multipole expansion of the projectile potential. In addition, the energy dependence of the pair-creation cross section is studied in the monopole approximation.
I. INTRODUCTION
Spontaneous electron-positron pair creation in the presence of supercritical Coulomb field is a fundamental effect of quantum electrodynamics, which was first predicted in Refs. [1, 2] . Low-energy heavy-ion collisions can provide a field of the required strength and therefore can serve as a tool for investigations of this phenomenon [3] . The crucial condition imposed on the colliding nuclei is that their total charge Z tot = Z 1 + Z 2 should exceed the critical value, Z cr ≈ 173 (see Ref. [3] and references therein). However, the spontaneous contribution to the pair creation has to be distinguished from the dynamical one which occurs due to the time dependence of the potential of the moving nuclei. The pure spontaneous pair creation was investigated in Refs. [4] [5] [6] . Analytical evaluation of the dynamical contribution for αZ 1,2 ≪ 1 (α is the fine structure constant) was carried out in Ref. [7] . A rough estimate of this contribution for heavy ions was considered in Refs. [8, 9] . The nonperturbative consideration of pair creation with simultaneous inclusion of both contributions requires solving the timedependent Dirac equation (TDDE) . As applied to the pair-creation calculations, several techniques were utilized [10] [11] [12] [13] [14] for solving the TDDE in the monopole approximation. In this approximation, only the spherically symmetric part of the two-center potential is taken into account. Usually the monopole approximation is used in the center-of-mass (CM) reference frame, because it provides better description of the homonuclear quasi-molecule for small internuclear distances. However, for large internuclear distances the reference frame of one of the nuclei (target) is preferable.
The only way to test the validity of the monopole approximation is to go beyond it. In Ref. [15] , calculations of pair creation with the full two-center potential were performed in the CM frame. Another way to go beyond the monopole approximation is to take into account the higher-order terms of the multipole expansion. This technique was used in Refs. [16] [17] [18] [19] for solving the two-center stationary Dirac equation and in Refs. [20] [21] [22] for solving the TDDE as applied to calculations of ionization probabilities in heavy-ion collisions.
In the present paper, we consider the collision process in the target reference frame.
The target potential is fully accounted, whereas the projectile potential is expanded in the multipole series truncated at some order. The TDDE is solved using the finite basis set of hydrogenlike wave functions. The basis functions are constructed from B-splines using the dual-kinetic-balance approach (DKB) [23] . The calculations of pair-creation probabilities are performed for the collision of bare uranium nuclei at energy near the Coulomb barrier. In order to reduce the computation time, we consider only the bound-free pair creation since the bound-state contribution is expected to be the dominant one [11, 13] . The obtained results are compared with the corresponding values calculated with the full two-center potential [15] and with the monopole-approximation potential in the CM frame [11, 13] . We also evaluate the cross section of pair creation for the collision of bare uranium nuclei at different energies in the monopole approximation. These calculations are performed in the target as well as in the CM frames.
Throughout the paperh = 1 is assumed.
II. THEORY
In the present work, the nuclear collision process is treated semiclassically. Under this approximation, the colliding nuclei are regarded as the sources of an external time-dependent potential. Their motion is described classically with trajectories of the Rutherford type.
The magnetic part of the potential is neglected due to the smallness of the relative collision velocity compared to the speed of light. The electron dynamics is described by the TDDE:
where
Here α, β are the Dirac matrices, c is the speed of light, m e denotes the electron mass, and V tot is the total two-center potential of the colliding nuclei:
where vectors R T and R P denote the positions of the target and projectile nuclei, respectively, and
are the corresponding nuclear potentials. For the nuclear charge distribution ρ(r) we utilize the model of the uniformly charged sphere.
Assuming the coordinate origin is on the internuclear axis, the multipole expansion of the two-center potential can be written as
Here P l are the Legendre polynomials, θ is the angle between vectors r and R = R P − R T , and
The expansion (5) depends on the position of the coordinate origin. In the target reference frame, R T = 0 and R P = R(t) is the internuclear distance. Then Eq. (5) gives
In the monopole approximation, only the term with l = 0 is taken into account and Eq. (7) is reduced to
In the CM frame, for two nuclei with equal masses the monopole approximation has the following form:
The monopole potentials in different reference frames have different asymptotics for R → ∞:
Therefore only in the target frame the monopole Hamiltonian has well-defined bound states for large internuclear distances. However, the CM monopole potential is better in describing the two-center potential at small internuclear distances. The monopole approximation allows us to reduce the three-dimensional TDDE to the one-dimensional equation that drastically simplifies the numerical calculations. Adding the higher-order multipole terms, one should improve the approximation.
We note that the target reference frame is non-inertial. However, we neglect the corresponding correction to the Hamiltonian assuming that its influence is small enough.
To describe the process of pair creation, the formalism of quantum electrodynamics with the unstable vacuum is employed [3, 24] . Let us introduce two sets of solutions of the TDDE (1): {ψ (+) n (r, t)} are the in-solutions and {ψ (−) n (r, t)} are the out-solutions. The sets differ by the boundary conditions imposed on the wave function at the initial t in and final t out time moments:
where φ n are the solutions of the stationary Dirac equation
We assume that H(t in ) = H(t out ) = H 0 since R(t in ) = R(t out ) in our calculations. The sets
n } of in-solutions and {ψ
n } of out-solutions describe physical particles at times t in and t out , correspondingly. We have chosen U(r) = V T (r) for the calculations in the target frame and U(r) = V CM mon (r, t in ) for the calculations in the CM frame within the monopole approximation.
The mean number n m of electrons created from the vacuum in the state m is given by
where F is the Fermi level (ε F = −m e c 2 ) and the one-electron transition amplitudes a mn are defined as
The amplitudes a mn are time-independent [13] , hence one can consider them at the time moment t in :
The wave functions ψ (−) m at the time moment t in are found using the numerical solution of the TDDE. The initial states φ n , including the bound ones and the pseudostates from both (negative-and positive-energy) continuum spectra, are obtained by diagonalization of the H 0 matrix in a finite basis set. The basis functions are generated from the B-splines according to the DKB technique [23] . The time-dependent wave functions are decomposed over the obtained φ n states:
where N is the number of the states, ε k are the eigenvalues of the H 0 matrix, and c ki are the expansion coefficients. The representation (17) leads to the system of differential equations on the expansion coefficients:
In the target frame, V tot (t) − U = V P (t). In order to calculate the matrix elements V jk , the target potential V P (t) is expanded in the multipole series according to Eq. (7) and the expansion is truncated at some order.
The system of equations (18) is solved employing the Crank-Nicolson scheme [25] :
where ∆t is a sufficiently small time step, c i = {c 1i , . . . , c N i }, and the matrix M is defined as M(t + ∆t; t) = I + i ∆t 2 V (t + ∆t 2 )
Using the described technique one can propagate all the bound states back in time from t out to t in and calculate the total bound-free pair-creation probability,
as well as the final electron population of each bound state. The pair-creation cross section can be found by integration over the impact parameter b, is about two orders of magnitude smaller than the value obtained by a rough estimate in Ref. [9] .
Next, we performed the calculations beyond the monopole approximation for the headon collisions. For the direct comparison of our results with the data of Refs. [13, 15] , the collision energy E = 6.218 MeV/u was used. Table I represents the pair-creation probabilities obtained with truncation of the time-dependent wave function decomposition (17) at different orbital momenta. The results of the full two-center calculation [15] and the value obtained within the monopole approximation in the CM frame [13] are also presented.
Despite our approach is too rough to account properly for the process of pair creation with electron capture by the projectile, the obtained values are very close to ones of Ref. [15] , where this process is embedded in the calculation technique. A possible explanation for this could be as follows: the electron-positron pairs are mainly created at small internuclear distances where the higher-order multipole terms of the projectile potential do not play a significant role. It should be noted that in our calculations we restricted the basis set to states with the total angular momentum projection on the internuclear axis µ equal to ±1/2 only. In the head-on collision, the time-dependent potential does not mix states with different µ values. Thus, the contributions of these states can be calculated independently. Moreover, the contributions of the states with opposite angular momentum projections are equal to each other. Hence, it is sufficient to carry out the evaluation for the basis set with a certain sign of the angular momentum projection and double the obtained value. As in Ref. [15] , it is found that the contribution of states with the angular momentum projection larger than 1/2 is negligible.
IV. CONCLUSION
In this paper we have evaluated the electron-positron pair-creation probabilities for the head-on collision of bare uranium nuclei at the energy E = 6.218 MeV/u beyond the monopole approximation. The calculations were performed using one-center basis set expansion in the target reference frame. The target potential was fully taken into account, while the potential of the projectile was approximated by few lowest-order terms of the multipole expansion with respect to the target nucleus. The results of the calculations are in reasonable agreement with the data obtained within the framework of the full two-center potential approach [15] . Further improvement of the accuracy by adding the higher-order terms is limited by computational resources.
We have also calculated the pair-creation cross section in the monopole approximation 
